Abstract. Let G be a semiabelian variety over a number field k, and let X be a finitely generated subgroup of G(k). We prove that if a rational point P ∈ G(k) belongs to X modulo almost all primes of k, then P belongs to X. This answers a question of W. Gajda. We also improve a duality theorem for Tate-Shafarevich groups of 1-motives obtained in an earlier work.
Introduction
In this paper, we answer a question of W. Gajda formulated in 2002 in a letter to K. Ribet. Informally speaking, it asks whether a finitely generated subgroup of the group of rational points of a semiabelian variety is characterized by its reductions modulo sufficiently many prime ideals. Let G be a semiabelian variety over a number field k, let X be a finitely generated subgroup of G(k) and let P ∈ G(k) be a point. We want to "decide" whether P belongs to X or not. Choose an open subscheme U of spec O k , such that there is a model of G over U , and such that P and all points in X extend to U -points. This is possible because X is of finite type. A necessary condition for P belonging to X is that for all prime ideals p ∈ U the reduction of P modulo p belongs to the reduction of X modulo p. The question is whether this condition is also sufficient. The answer is yes:
Main Theorem. Let k be a number field, let U ⊆ spec O k be a nonempty open subscheme and let G be a semiabelian scheme over U . Let X ⊆ G(U ) be a subgroup and let P ∈ G(U ) be a point. If the set of primes p ∈ U P ≡ x mod p for some x ∈ X is of natural density 1, then P is in X.
As we shall see, if G is a semiabelian scheme over an open subscheme U ⊆ spec O k , then the group G(U ) is finitely generated. Thus, in the statement of the theorem we don't have to say that X is finitely generated.
Several special cases of this theorem already exist in the literature, I give a short overview on these in a preliminary section. All papers cited there use more or less the same techniques: they deal with Kummer theory on abelian varieties or on the multiplicative group, and make use at least once of a density theorem. Kowalski's paper [Kow03] contains a detailed discussion of this technique and relates problems. Our approach is different, insofar as we use Kummer theory and density theorems only via a theorem from [Jos08] . The key observation is this: To give a finitely generated subgroup of G(U ), where G is a semiabelian variety over U ⊆ spec O k , is essentially the same as to give a 1-motive
over U where Y is a constant group scheme associated with a finitely generated free group. With any 1-motive M over U (i.e. a morphism as above, but where Y is only locally constant) and prime number ℓ invertible on U is associated an ℓ-adic Tate module T ℓ M . This is an ℓ-adic sheaf on U . We consider then the following group
where S is a set closed points of U of density 1, and where κ p = O k /p denotes the residue field at p and where M p is the reduction of M modulo p. It will turn out that the vanishing of these groups is precisely the obstruction for our local to global principle to hold. By combining techniques developed by Serre in [Ser64] with a finiteness theorem from [Jos08] we manage to prove that D 1 S (U, T ℓ M ) is indeed trivial for 1-motives with constant Y .
Our motivation to undertake this work comes from arithmetic duality theory. With every 1-motive M over a number field k is associated a dual 1-motive M ∨ , and in [Jos08] we have shown that there is a canonical perfect pairing of finite groups
where X 2 (k, M ∨ ) is the Tate-Shafarevich group of M ∨ in degree 2, and where
The latter group contains the ordinary Tate-Shafarevich group X 0 (k, M ), and in loc.cit. the question remained open whether this modified Tate-Shafarevich group actually coincides with the ordinary one. The group X 0 (k, M ) is easy to compute, and one finds that if Y is constant, then this group is trivial. In the last section of this paper, we show how the main theorem implies that also X 0 (k, M ) is trivial whenever Y is constant. We prove then by a different method that equality X 0 (k, M ) = X 0 (k, M ) holds in general. We can thus improve the main result of [Jos08] and state:
Theorem. Let M be a 1-motive over k with dual M ∨ . There is a natural, perfect pairing of finite groups
Note that both, the proof of the main theorem as well as the improvement of the duality theorem crucially use the finiteness theorem from [Jos08] I already mentioned. Notation: For a commutative group C, a prime number ℓ and an integer i ≥ 0, we introduce the following notation: C[ℓ i ] denotes the group of torsion points of C of order ℓ i , and C[ℓ ∞ ] denotes the group of torsion points of C of order a power of ℓ. That is, C[ℓ ∞ ] is the union of the C[ℓ i ]'s for i ≥ 0. We write
for the ℓ-adic completion and the ℓ-adic Tate module of C. These groups have a natural Z ℓ -module structure. There is a canonical morphism C − − → C ⊗ Z ℓ whose kernel is the intersection of the groups ℓ i C over i ≥ 0. Remark that if C is finitely generated, we may identify C ⊗ Z ℓ ∼ = C ⊗ Z Z ℓ .
Known special cases
In this section, I give a short and certainly incomplete overview over what has been proven so far on Gajda's question. I owe many thanks to G. Banaszak for pointing out to me some of the references.
The first steps towards our theorem was probably taken by A. Schinzel in [Sch60, Sch75] by answering affirmatively the following question. Let P and Q be nonzero integers. Suppose that modulo almost all prime numbers p, we have P ≡ Q n modulo p for some integer n depending on p. Is then P a power of Q? Indeed, this is precisely the setup of our theorem for
In [Sch75] the more general case of an arbitrary numberfield and an arbitrary finitely generated subgroup X ≤ G m (k) is treated. This is as well shown in [Kha03].
Gajda's question is closely related to the so-called support problem, suggested by P. Erdős at the 1988 number theory conference in Banff. In our own formulation, Erdős asked the following: Let P and Q be nonzero integers. Suppose that the implication
holds for almost all prime numbers p not dividing P Q and all integers n. Is then P a power of Q? This hypothesis is of course weaker than the one in Schinzel's problem. In [CRS97] , C. Corrales-Rodrigáñez and R. Schoof answer affirmatively Erdős's original question, as well as the analogue of it for elliptic curves. This was subsequently generalized by M. Larsen to abelian varieties in [Lar03] . It then takes the following form: Let P and Q be rational points of an abelian variety A over k, and suppose that the implication nP ≡ 0 mod p =⇒ nQ ≡ 0 mod p holds for almost all prime ideals p of O k where A has good reduction and for almost all integers n ≥ 1. Then, there exists an endomorphism ψ of A and an integer m ≥ 1 such that ψP = mQ. It is made clear in [LS06] that the integer m is really needed, at least for non-simple abelian varieties.
In [Wes03] , T. Weston shows that if A is an abelian variety over a number field k with commutative endomorphism ring, then the relation P mod p ∈ X mod p for almost all p for a subgroup X of A(k) and a point P ∈ A(k) implies that P ∈ X + A(k) tor . This shows that our theorem holds for such abelian varieties whenever X contains all rational torsion points.
In [KP04] , the authors discuss an analogous problem which deals not with reducing subgroups, but with reducing endomorphisms. Especially noteworthy is Lemma 5 in loc.cit., which can be used to get rid of the torsion insecurity in Weston's theorem in the case when X is generated by a single element.
In [BGK05] and [GG08] , a statement as in our main theorem is proven for abelian varieties under various technical assumptions. For instance, Theorem B of [GG08] states that if A is an abelian variety over k, then our theorem holds in the case where X is a free End k A-module and P generates a free End k A-module. W. Gajda has informed me that he can prove the statement of our main theorem for simple abelian varieties, and G. Banaszak has infored me that together with P. Krasón he can solve this problem for all abelian varieties modulo some torsion ambiguity (see [BK09] ).
Our theorem answers affirmatively Problem 1.1 of [Kow03] for semiabelian varieties. It asks whether a local to global principle as in our main theorem holds for a general algebraic group G over k in the case where X is generated by a single element. Kowalski shows that this holds for the multiplicative group for elliptic curves. Proposition 3.2 of loc.cit. shows that if an algebraic group G contains the additive group, then the principle fails. Hence, our result is best possible for commutative group schemes.
The most precise results so far have been obtained by A. Perucca in [Per08] , where Gajda's question is answered positively for split semiabelian varieties in three cases: The case when X is cyclic, the case when X is a free left End k G-submodule of G(k), and the case where X has a set of generators (as a group) which is a basis of a free left End k G-submodule of G(k). Moreover, it is proven in loc.cit that there exists an integer m depending only on G, k and the rank of X such that mP belongs to the left End k G-submodule of G(k) generated by X.
Reminder on 1-motives and Tate modules
In this section, I recall briefly what 1-motives are and how to attach ℓ-adic Tate modules to them. For a more detailed overview, see section 1 of [Jos08] . We fix a noetherian integral base scheme U , and a prime number ℓ invertible on U .
, 10.1.2 and 10.1.10) a two-term complex of fppfsheafs
over U , where Y isétale locally isomorphic to a finitely generated free Z-module and where G is a semiabelian scheme over U . One can view M as an object of the derived category of fppf-sheafs on U . Applying the derived global section functor RΓ(U, −) and taking homology yields the flat cohomology groups
of M . Alternatively, one can view M as an object of the derived category ofétale sheafs and obtainétale cohomology groups. However, since G and Y are both smooth over U , these are canonically isomorphic.
-2.2. Following Deligne ([Del74] 10.1) we now construct the ℓ-adic Tate module associated with a 1-motive M = [u : Y − − → G] over U . We shall consider the derived tensor product M ⊗ L Z/ℓ i Z, or alternatively (that is the same) the cone of the multiplication-by-ℓ i map on the complex M . The homology group
is a finite flat group scheme over U killed by ℓ i . Because we suppose that ℓ is invertible on U , this group scheme is locally constant. On geometric points spec k − − → U it is given by
For all i ≥ 0, we have a natural map of group schemes
The limit with respect to these maps
is called the ℓ-adic Tate module of M . It is an ℓ-adic sheaf on U in the sense of SGA5. Its cohomology over U is then defined accordingly as
These cohomology groups have a natural Z ℓ -module structure. There are natural short exact sequences as follows. The exact "Kummer" triangle M − − → M − − → M ⊗ L Z/ℓ i Z induces a long exact sequence, from where we can cut out the piece
Taking limits over i and observing that the left hand limit system satisfies the Mittag-Leffler condition in an obvious way, we find a short exact sequence of Z ℓ -modules
Naturality in M and U is clear from the construction. Observe that in this discussion, we actually never used that Y is torsion free. Everything makes sense also in the case where Y is just anétale locally constant sheaf, locally isomorphic to a finitely generated group.
-2.3. For the rest of this section, we fix a number field k with algebraic closure k and absolute Galois group Γ := Gal(k|k), a nonempty open subscheme U of spec O k , and a prime number ℓ invertible on U . We write k U for the maximal subextension of k|k unramified in U , and set Γ U := Gal(k U |k). In other words, Γ U = π 1 (U, u) is theétale fundamental group of U with respect to the base point u = spec k. There is an equivalence of categories locally constant Z-constructible sheafs on U ←→ finitely generated discrete Γ U -modules given by the functor that sends such a sheaf F on U to the Γ U -module F (k). This equivalence of categories extends to an equivalence locally constant ℓ-adic sheafs on U ←→ finitely generated Z ℓ -modules with continuous Γ U -action given by the functor that sends a locally constant ℓ-adic sheaf on U , given by a formal limit system (T i ) ∞ i=0 to the Z ℓ -module lim T i (k). A quasi inverse to this functor is constructed in the obvious way: Given a finitely generated Z ℓ -module T with continuous Γ U -action, one associates with it the formal limit system (T i ) ∞ i=0 where T i is the locally constant sheaf on U corresponding to the finite Γ U -module T /ℓ i T .
i=0 be a locally constant ℓ-adic sheaf on U corresponding via the above equivalence to a Z ℓ -module with continuous Γ U -action (also denoted by T ). For r = 0, 1, the natural maps
are isomorphisms, where H r (Γ U , T ) is defined by means of continuous cocycles.
Proof. From Proposition II.2.9 of [Mil08] we know that if F is a finite locally constant sheaf of order a power of ℓ on U , then we have canonical isomorphisms
Cohomology of ℓ-adic sheafs over U commutes with limits by definition. It remains to prove that if T is a finitely generated Z ℓ -module with Γ U -action, then the natural map
is an isomorphism for r = 0, 1. For r = 0 this is trivial, and for r = 1 this follows from the following proposition.
Proposition 2.5 ([Ser64], Proposition 7). Let G be a Hausdorff topological group, and let (T i ) ∞ i=0 be a limit system of compact continuous G-modules with limit T . The canonical map H 1 (G, T ) − − → lim H 1 (G, T i ) is an isomorphism, cohomology being defined by means of continuous cocycles.
-2.6. In particular, for a 1-motive M over k we may regard T ℓ M as a finitely generated free Z ℓ -module with continuous Γ-action. Let L M be the image of Γ in GL(T ℓ M ). Since Γ is compact, L M is a closed subgroup of GL(T ℓ M ), hence has the structure of an ℓ-adic Lie group ([Bou72], Ch.III, §2, no.2, théorème 2). The following definition goes back to an idea of Tate and Serre: we write
is finitely generated ([Ser64], Proposition 9). The following paragraph explains why this group is interesting.
-2.7. Let S be a set of finite places of k of natural density 1. In the introduction we mentioned the group D 1 S (U, T ℓ M ), and that the theorem follows from its triviality for certain 1-motives. As we shall see (Proposition 4.2), D 1 S (U, T ℓ M ) is naturally contained in the following group
where k p denotes the completion of k with respect to the valuation v p corresponding to p. It follows from Proposition 8 of [Ser64] which is essentially a consequence of Frobenius's density theorem, that there is a canonical injection
This is shown in detail in [Jos08] (Proof of Theorem 8.1). From this we see that
A vanishing result
For the whole section, we fix a number field k with algebraic closure k, a prime number ℓ and a set S of finite places k of natural density 1. All vector spaces and Lie algebras are understood to be finite dimensional over their field of definition.
-3.1. Let M be a 1-motive over k. The goal of this section is to show that the group H 1 S (k, T ℓ M ) vanishes if k is sufficiently big. As we have explained, this group is embedded in the torsion part of H 1 * (L M , T ℓ M ), so we would like to have a simple criterion for H 1 * (L M , T ℓ M ) to be torsion free. In [Ser64] it is shown that if there exists an element g ∈ L M such that the only element of T ℓ M fixed under g is 0, then H 1 * (L M , T ℓ M ) is torsion free. Such an element can always be found if M = [0 − − → G] is a semiabelian variety, but in general it does not exist. We use the following lemma instead.
Lemma 3.2. Let T be a finitely generated free Z ℓ -module, set V := T ⊗Q ℓ , and let L ⊆ GL T be a Lie group with Lie algebra l. If the equality V L = V l holds then H 1 * (L, T ) is torsion free.
-3.3. The proof of this lemma needs some preparation. Let us introduce the following terminology: Given a finitely generated free Z ℓ -module T and a Lie group L ⊆ GL V for V = T ⊗ Q ℓ we say that L is tight or that L acts tightly if the equality , and let us show that c is a coboundary. As ℓc is a coboundary c is a coboundary in H 1 (L, V ) and there exists an element v ∈ V such that c(g) = gv − v for all g ∈ L. To say that the cohomology class of c belongs to H 1 * (L, T ) is to say that for all g ∈ L, there exists a t g ∈ T such that c(g) = gt g − t g . We find that
or in other words v − t g ∈ ker(g − 1 V ), that is to say v ∈ T + V g . Now, since L acts tightly, this implies that v = t + v 0 for some t ∈ T and v 0 ∈ V G . Hence c(g) = gt − t is a coboundary as needed.
Lemma 3.5. Let V 2 be a Q ℓ -vector space and let Φ be a linear subspace of Hom(V, V 2 ). Then Φ is tight.
Proof. In ( * ), the inclusion ⊇ holds trivially, we have to show that the inclusion ⊆ holds as well. Let V * and V * 2 be the linear duals of V and V 2 , and define Ψ := {π • ϕ | ϕ ∈ Φ, π ∈ V * 2 }. We have then Hence, it is enough to show that the lemma holds in the case where V 2 = Q ℓ , and where Φ is a linear subspace of the dual space V * . Write W for the intersection of the kernels ker ψ, so that
Because T /(T ∩ W ) is torsion free the submodule W ∩ T is a direct factor of T (every finitely generated torsion free Z ℓ -module is free, hence projective), so that we can choose a Z ℓ -basis e 1 , . . . , e s , . . . , e r of T such that e 1 , . . . , e s make up a Z ℓ -basis of W ∩ T . Let v be an element of V that is contained in T + ker ϕ for all ϕ ∈ Φ. We can write v as
where the λ i are scalars in Q ℓ . Taking for ϕ the projection onto the i-th component for s < i ≤ r shows that λ i ∈ Z ℓ for s < i ≤ r. Hence λ s+1 e s+1 + · · · + λ r e r ∈ T , and we find that v ∈ W + T as required.
Proof of Lemma 3.2. As we have seen in Lemma 3.4, it is enough to show that if the equality V L = V l holds, then L acts tightly on V . Let H be an open subgroup of L such that the logarithm map is defined on H. Such a subgroup always exists, and the exponential of log h is then also defined and one has exp log h = h for all h ∈ H ([Bou72], Ch.II, §8, no.4, proposition 4). The Lie algebra of H is also l. Let h be an element of H and set ϕ := log h, so that h = exp ϕ. We claim that the equality V h = ker ϕ holds. On one hand if hv = v, then the series
is zero, whence V h ⊆ ker ϕ. On the other hand, if ϕ(v) = 0, then the series
is trivial except for its first term which is 1 V (v) = v, whence the inclusion in the other direction. The Lie algebra l has the good taste of being a linear subspace of End V , so that we apply Lemma 3.5. Using these preliminary considerations, Lemma 3.5 and the hypothesis we find
hence L acts tightly on V as claimed. Mind that in the second intersection it does not matter whether we take the intersection over ϕ ∈ l or ϕ ∈ log(H), because every element of l is a scalar multiple of an element in log(H). 
is a finitely generated group, its ℓ-adic completion is just an ordinary tensor product. The torsion subgroup of H 0 (k, M ) is finite ([Jos08] , Proposition 1.6), hence its Tate module vanishes. This yields an isomorphism 
Proof of the main theorem
Let k be a number field and let U be a open subscheme of spec O k . We are given a semiabelian scheme G over U and a subgroup X of G(U ). What we have to show is that if P ∈ G(U ) is a point such that the set of primes p ∈ U P ≡ x mod p for some x ∈ X is of natural density 1, then P is in X. Let us fix a set of primes S of density 1, all corresponding to closed points of U . For a p ∈ S, we write κ p for the residue field O k /p and P p and X p for the reduction of P and X modulo p. We consider the group
Of course X is contained in X S , and what we aim to show is that the two groups actually coincide.
The groups H 0 (U, M ) and G(U ) are finitely generated. Indeed, this follows from the Mordell-Weil theorem and Dirichlet's unity theorem for G(U ), and finiteness of H 1 (U, Y ) for H 0 (U, M ) (see [HSz05] , Lemma 3.2). Hence the groups X and X S are both finitely generated as well, and to prove their equality it is enough to show that for all prime numbers ℓ, the quotient X S /X ⊗ Z ℓ is trivial.
Fix a prime ℓ. Without loss of generality, we can replace U by a smaller open subscheme of spec O k and S by a smaller set of primes of density 1. Indeed, restricting the points of X to a smaller open does not change X, and working over a smaller open and with a smaller S can only increase X S . We may thus suppose without loss of generality that ℓ is invertible on U .
Since X is a finitely generated group, we can choose a 1-motive M = [u : Y − − → G] over U , such that Y is constant and such that the image of u : Y − − → G(U ) is X. We introduce now a group D 1 S (U, T ℓ M ), which will turn out to be the obstruction for X S /X ⊗ Z ℓ to vanish.
Definition 4.1. Let T be an ℓ-adic sheaf on U . For each p ∈ S, write T p for the pull-back of T over κ p . We define
Proposition 4.2. Let T be an ℓ-adic sheaf on U . There is a canonical injection
We will show that for every finite group scheme F on U of order a power of ℓ, the inflation map
By taking limits we obtain then the desired injection for ℓ-adic sheafs. The HochschildSerre spectral sequence associated with the field extensions k|k U |k shows that the inflation map H 1 (Γ U , F ) − − → H 1 (Γ, F ) is injective. It remains to show that this map sends
For a p ∈ S, let O p b the local ring at p. By [Mil80] , III.3.11.a the map The rows are those introduced in 2.2. The ℓ-adic completions are here just ordinary tensor products because the involved groups are all finitely generated. The kernel of the second vertical map is D 1 S (U, T ℓ M ), which is trivial by Corollary 4.3. This shows that α ℓ is injective as well, and the theorem is proven.
A note on duality theory
In this section, we improve the duality theorem of [Jos08] as mentioned in the introduction. We fix a number field k with algebraic closure k and a 1-motive M = [u : Y − − → G] over k. We also fix a set of places S of k of density 1, and write k S for the maximal subextension of k|k unramified outside S and set Γ S := Gal(k S |k). We write
A prime number ℓ belongs to N(S) if and only if all places v of k that divide ℓ belong to S. We define
where
For archimedean places v, the piece of notation H i (k v , M ) stands for Tate modified cohomology. There is an injection
In the case S is the set of all places of k, we have
Using the duality theorem of Poitou and Tate for finite Galois modules, we have shown in loc.cit. that for all ℓ ∈ N(S) there is a perfect pairing between a Z ℓ -module and an ℓ-torsion group
where M ∨ is the 1-motive dual to M . Thanks to our finiteness theorem we could identify the finite group X 
In particular, these groups are annihilated by the order of any finite Galois extension k ′ |k over which Z is constant. This isomorphism induces then isomorphisms of finite groups
for all primes ℓ.
Proof. First, observe that if Y is constant, then X 0 S (k, M ) is trivial. Indeed, it follows from a simple diagram chase that for any finite place v ∈ S the map
is injective in that case. Now let k ′ |k be a finite Galois extension such that Gal(k|k ′ ) acts trivially on Y , and let S ′ be the set of places of k ′ lying above places v ∈ S. We write Γ S and Γ S ′ as usual and G := Γ S ′ /Γ S and for w ∈ S ′ lying over v ∈ S we write k w for the completion of k at v, and G w := Gal(k ′ w |k w ). Because Y is constant over k ′ , we have
in the lower line we take the product over all places w ∈ S ′ (so there are "repetitions" in the first and second product). Because k ′ acts trivially on Y we have X 0 S ′ (k ′ , M ) = 0 by our previous observation, hence
the product running over all w ∈ S ′ . The finiteness statement follows, as H 1 (G, Z) is obviously finite. Repeating the arguments for the 1-motive [Z − − → 0] yields the same expressions again, and shows the first statement of the proposition. The additional statement follows from the general, well-known fact that if G is any finite group acting on a finitely generated Z-module Z, then there is a canonical isomorphism of finite groups
-5.2. Every cyclic subgroup of G occurs as one of the G w 's by Frobenius's density theorem, hence
The difference between these two groups depends entirely on the finitely many primes of k that ramify in k ′ . This shows that if we are given Z in terms of a finitely generated Z-module upon which G = Gal(k ′ |k) acts, then we can compute it effectively. We will now derive a similar formula for X 1 S (k, T ℓ M ) that will eventually permit us to identify X 1 S (k, T ℓ M ) with the ℓ-torsion part of X 0 S (k, M ). We begin with a lemma on Lie group cohomology Lemma 5.3. Let T be a finitely generated free Z ℓ -module and let L ≤ GL T be a Lie group.
is injective on torsion elements. In the case D is the trivial subgroup, this gives back Lemma 3.2. In our application, L will be the image of the absolute Galois group of the number field k in GL(T ℓ M ), and D will be the image of some decomposition group. [Jos08] . This explains injectivity of the top row. We have thus ker δ ∼ = X 1 S (k, T ℓ M ) and we must show that every element of ker δ maps already to zero in H 1 (k v , Z ⊗ Z ℓ ) for all v ∈ S, that is, ker δ = X 1 S (k, Z ⊗ Z ℓ ). Fix an element x of X
